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Abst rac t - - In  this paper, we study the existence and stability of the shock profiles of the Burgers' 
equation, ut + uux = uxx. We make use of Hopf-Cole transformations to show when such profiles 
exist, to prove that perturbations of the profiles decay exponentially quickly in an exponentially 
weighted norm, and to demonstrate that making the weight oo large does not generally increase the 
rate of decay of the perturbation. (~) 1998 Elsevier Science Ltd. All rights reserved. 
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We study the decay of perturbations of the viscous shock profiles of the equation: 
= (1) 
A viscous shock profile of (1) is a real solution of (1) that is of the form u(x ,  t) = u (x  - ct) and 
that satisfies u(x)  ~ u+, x --, oo, and u(x)  --* u_ ,  x - ,  -oo .  Here c is the speed with which the 
profile moves. Equation (1) is a crude model of the evolution of the velocity field, u(x,  t), of a 
fluid with unit density, without external forces acting upon it, but with viscous forces present. If 
x(t ,  xo) is the position of the particle that started at x0 when t = 0, then ~ = u(x( t ,  xo) , t ) .  
If one assumes that the force of the viscosity is equal to uxx, then one finds from Newton's econd 
law that ~ = ut + uux = Uxx. 
Since Newton's equations are invariant under Galilean transformations, one hopes that such 
an invariance xists here as well. If one switches to a coordinate frame that moves with the 
profile, one looks at the point x + ct at time t. Since one is moving with the profile and since 
u is the speed of a "particle", the speed that one should see is u(x  + ct, t) - c. It  is easy to see 
that if u(x ,  t) satisfies (1), so does w(x ,  t) = u (x  + ct, t) - c. In particular, if u(x  - ct) solves (1), 
then u(x)  - c solves (1) as well. Thus, any problem about a profile of the from u(x  - ct) can be 
transformed into one about u(x) .  Therefore, there is no need to consider moving profiles; it is 
sufficient o consider stationary profiles. That  is the only case that we consider. 
More general versions of this problem have been studied by rain and Oleinik [1], Sattinger [2], 
and Jones, Gardner and Kapitula [3]. The first two papers get exponential decay in an exponen- 
tially weighted norm, and the last paper gets algebraic decay in an algebraically weighted norm. 
Our method is similar to the method employed in [1], but we deal only with (1). We show how 
to find its stationary viscous shock profiles, and we show how to determine the rate of decay of 
perturbations of the profiles. We get more precise decay rates and more information about the 
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effects of the weight on the rate of decay of the perturbation than do either [1] or [2]. Our method 
relies heavily on the precise form of (1)--we make use of the Hopf-Cole transformations [4,5] that 
relate solutions of (1) to solutions of the heat equation. 
The Hopf-Cole transformations are a pair of transformations that take positive solutions of 
the heat equation into solution of the Burgers' equation and solutions of the Burgers' equation 
into positive solutions of the heat equation. Suppose one starts with a positive solution of the 
heat equation, v(x, t). Let u(x, t) = -2Vx/V. Then, from the fact that vt = vxx, we find that u 
satisfies (1). 
Suppose that one starts with a solution, u(x, t), of (1). Let U(x, t) = fo  u(~, t)d~. Defining 
V(x, t) = e -v(x,O/2, one finds that 
2 v 
yt = v.= + 4 +- -T - -  
(  2(0,0 
= v . .  + + y - y . .  + g(Oy.  
Letting v(x, t) = C(t)V(x, t), it is clear that v(x, t) satisfies the equation 
vt = v~ + (C'(t) + C(t)g(t))V. 
Picking C(t) to satisfy 
one finds that 
c'(t___/) + g(t) = o, 
c(t) 
v(x, ,) = c(0)e- fo .(.) .e-  
solves the heat equation. The only part of the solution that has not been determined is the initial 
value of C(t). Choose C(O) = 1. This choice of C(O) forces v(x, t) to always be positive. The pair 
- f~' gOD dr1 e- fo u(~,O d~/2 are known as the Hopf-Cole of formulas u(x, t) = -2v~/v  and v(x, t) = e o 
transformations. 
We now search for v(x, t) that correspond to u(x). Note that since u(x, t) = u(x) is only a 
function of x, v(x, t) has the form C(t)X(x); v(x, t) is separable. From the fact that v satisfies 
the heat equation, we see that X"(x ) /X (x )  = C'(t)/C(t) = A. As X(x)  is a real-valued function 
of x, it is clear that A E R. 
It is well known that the solutions of X"(x)  = AX(x) are a sin(v/-L-Ax)+ bcos(qrL-Ax) if A < 0, 
a + bx if A = 0, and asinh(v/Ax) + bcosh(v~x) if A > 0. Considering -2X ' (x ) /X (x )  for the first 
and second sets of solutions, we find that it is not a continuous function. Thus, it leads to no 
interesting viscous shock profiles. For the third set, we find that the limit of -2X ' (x ) /X (x )  is 
+2v~ as x --* - c~ and -2v~ as x --* oo. Since these are the only possible stationary viscous 
shock profiles left, this implies that the only possible pairs of values (u_, u+) are (2v~, -2v~) .  
Furthermore, it is easy to see that u(x) = -2X ' (x ) /X (x )  is continuous for all x if and only 
if Ibl > lal; only for such values of a and b is there no x for which X(x)  = O. It is easy to 
show that -2X ' (x ) /X (x )  = -2v~tanh(v~(x  + x0)). Of course, C(t) = e At here. The solutions 
of the heat equation which correspond to the stationary viscous shock profiles are, therefore, 
v(x, t) = e At cosh(vfA(x + x0)). 
We note that the existence of a family of stationary viscous shock profiles of the form u(x + xo) 
is expected. Equation (1) is autonomous; it does not contain explicit x dependence. Hence, if 
u(x) is a solution of the equation, so is u(x + xo). For the sake of definiteness, we choose x0 = 0. 
For this choice of x0, we find that X(x)  = cosh(v~x). 
Note that if we define w(x,t)  = ~u(~x, j32t), then w(x,t)  satisfies (1). Thus, to discover 
how perturbations of -2v~tanh(v~x)  evolve, it is sufficient o look at how perturbation of 
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-tanh(x/2) evolve. All of the other cases can be mapped into this one case by the similarity 
transform. We consider only the unperturbed profile uo(x) =- - tanh(x/2). We show the following 
theorem. 
THEOREM 1. If u(x,O) = uO(X) + wO(x), 0 < o~ _< 1/2, and wo(x) satisfies: 
1. f~ ,  wo(z) dx = o, 
2. Iwo(x)/2l < Ce -~l~l, 
then w(z , t )  = u(z , t )  - uo(z) and Iw(z,t)l < De¢-~+~>te -~l~l. 
Property 1 is not really a restriction on the type of data that tends asymptotically to a %anh 
profile". If the integral of Wo(X) is not zero, then it is easy to show that there exists a unique 6 
such that f~oo(wo(Z) + uo(x) - uo(X + 6)) dx = 0. One can consider Wo(X) + uo(x) - uo(x + &) a 
perturbation ofUo(X+&). Since (1) is translation i variant, Theorem 1 implies that u(x, t) solution 
tends to Uo(X + 6) exponentially quickly as t ~ c¢. Additionally, Property 2 is not a restriction 
on the size of w0(x)--the constant C is an arbitrarily large positive constant. Property 2 only 
requires that wo(x) decay like e -alxl. 
To prove Theorem 1, we consider what effect he perturbation of the initial data of u(x, t) has 
on the initial data of the heat equation satisfied by v. We know that v(x, O) = e- fo ,,(¢,o) ~/2. 
Here, u(x, O) = uo(x) + wo(x). When integrated, we find that v(x, O) = cosh(x/2)e- fo ~o(¢)d~/2 
Since f~ w0(~)d~ = 0, we find that fo  w0(~)d~ = fo  ~ w0(~)d~ = 2E for some constant E. 
For positive x, we find that v(x, O) = e -~ cosh(x/2)ef~ o(a) d~/2, and for negative x, we find that 
v(x, O) = e -E cosh(x/2)ef[ ~ ~o(~) d~/2. It is a simple calculus exercise to show that if Jx[ < In 2, 
then I e~ - 11 < ~lzl ,  where ~ = ln(2e). From Property 2, it is clear that both [ f~  w0(~)d~/21, 
x > 0, and I f -oo w0(~) d~/2l, x < 0, are bounded by (C/a)e -~1~1. We find that for all sufficiently 
large Izl: 
From the definition of cosh(x), it is clear that for all v > 0, cosh(vx) _< e~lxl/2 + 1/2 _< e ~1~1 
and that e vlxl < 2cosh(vx). Therefore, cosh(x/2)e -alzl <_ e (1/2-a)lzl <_ 2cosh((1/2-  c~)z). We 
conclude that for sufficiently large Ix[: 
[z(x,0)l < tc2 ( C )  e-E cosh ( (1 -  c~) x) . 
Since z(x, 0) is bounded on any finite interval, and since cosh(vx) > 1, it is clear that there exists 
F > 0 such that 
,z(x,O), < Fcosh ( (  2 -a )  x ) .  (2) 
We know that v(x, t) satisfies the heat equations. We also know that the solution of the 
heat equation that corresponds to the initial data cosh(x/2) is e t/4 cosh(x/2). Thus, we know 
that v(x, t) - e-Ee t/4 cosh(x/2) satisfies the heat equation as well. It is well known (see, for 
example, [6, Chapter 7, Section 1]) that solutions of the heat equation, ~(x,t), that are either 
nonnegative or that satisfy a bound of the form I¢(x,t) l  < M alxl2 can be written as ¢(x,t) = 
f~¢ K(x -y,t)¢(y,O) dy where K(x,t) is the heat kernel. That is, the solution is the convolution 
of the heat kernel and the initial data. This formulation allows us to show that if ¢(x, t) and 
A(x, t) satisfy the heat equation and if 0 < ~(x, 0) < A(x, 0), then ~(x, t) < A(x, t). It also 
allows us to show that if [~(x, t)J is bounded by Me alx12 , ¢(x, t) and A(x, t) both satisfy the heat 
equation, and ]~(x,0)l < A(x,0), then [¢(x,t)l < A(x,t). 
The function v(x, t) has already been shown to be positive. Also, the solution of the heat 
equation with initial data e -E cosh(x/2) + F cosh((1/2 - a)x) is e-Ee t/4 cosh(x/2) + Fe (1/2-a)2t 
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cosh((1/2-a)x).  Since we have shown that v(x, 0) _< cosh(x/2) +F  cosh((1/2-a)x),  we find that 
v(x, t) < e t/4 cosh(x/2) + Fe (1/2-~)2~ cosh((1/2 - a)x); we see that v(x, t) is actually bounded 
by Me alxl~. Defining z(x, t) =- v(x, t) - e-Ee e/4 cosh(x/2), we can use (2) and the second type of 
maximum principle to conclude that 
Iz(x,t)l _~ Fcosh ( (  2 -a )x )e  c~/~-~)~t. (3) 
Because we are interested in -2vx(x, t)/v(x, t), we must find a lower bound for v(x, t). From 
the definition of v(x, 0), we see that there exists a # > 0 such that for all x, v(x, 0) > #. As # is a 
positive solution of the heat equation, this holds true for all t. Also, from (3) we find that v(x, t) >_ 
e -E cosh(x/2)e t /4 -  F cosh((1/2-  a)x)e (1/2-a)2t >_ e -E cosh(x/2)et/4/2 =_ Gcosh(x/2)et/4 for 
all sufficiently large t. 
Finally, we note that because we are interested in u(x, t) = -2vx(x, t)/v(x, t), we need to know 
about the behavior of v~(x, t) and zx(x, t). Since v(x, t) can be written as the convolution of the 
heat kernel with v(z,O), it is clear that vx(x, t) can be written as the convolution of the heat 
kernel with its initial data--with vx(x, 0)--as long as the convolution i tegral converges uniformly. 
If we can show that vz(x,O) is bounded by Me mlxl, then the integral will converge uniformly. 
In addition, we then find that vx(x,t) satisfies the heat equation and the maximum principle. 
(Clearly, vx(x,t) ought to satisfy the heat equation. The heat equation is a linear constant 
coefficient PDE.) Thus, we will find that zx(x, t) = vx(x, t) - e -E sinh(x/2)ee/4 2 satisfies the 
heat equation as well. From the definition of v(x,O), we find that 
vx(x, O) = 2e_E sinh(x/2) 
for -I-x > 0. We see that vx(x, 0) is indeed exponentially bounded. Using the same type of 
estimates that we used for v(x, t), and making use of Property 2 again, we find that Ivx(x, t) - 
e -E sinh(x/2)et/4/21 ~_ Hcosh((1/2 - ~)x)e (112-~)2t. 
We would like to bound w(x, t) = u(x, t) -uo(x)  = vx /v -  (vo)x/Vo. Rewriting this expression, 
we find that 
_< I 
< H cosh((1/2 - a)x)e (112-~)2t 
- Get~ 4cosh(x/2) 
Fcosh((1/2 - a)x)e (1/2-a)2t 
+ Get~ 4cosh(x/2) 
Clearly the perturbation is bounded by De(-a+aU)te -alxl. We find that the perturbation decays 
exponentially fast both in time and in space. 
We note that all of our results are valid only for 0 < a _~ 1/2. What happens if the perturbation 
decays faster than e-l=l/2? We find that there is generally only a very marginal gain. In fact, we 
find that the following theorem holds. 
THEOREM 2. ~¢a _~ 1/2, w0(x) dx = 0, ealzlw0(x), e~lxl e ~lxl  
LI(R), and ff aU of these function tend to 0 as Ix I --, or, then 
Ce-IN/2 
Iv(x,t) - u0(x)l _< v e /4" (4) 
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We note that if there exists an a > 1/2 such that ealXlwo(x) is bounded, then the decay 
conditions above are certainly met. 
The proof of this result is quite similar to the proof of our previous result. One looks at 
the perturbation of the initial value of v(x, t). The conditions above are sufficient o guarantee 
that z(x, O) and zx(x, O) are both in L 1. From the standard theory of solutions of the heat 
equation, this shows that Iz(x,t)l, Izx(x, t)l < J/v~. An immediate consequence of this is that 
I (x, t)l < Ke-lXl/2/(v~et/4). 
It is easy to show that the time decay rate 1/(etv/t) is not an artifact of the proof above; 
it is the best possible decay rate. An example shows this. Let the perturbation Wo(X) be the 
perturbation which gives initial data v(x, O) = cosh(x/2) +e-XU/ (4t° ) /~ .  Lemma 1 (below) 
shows that such a wo(x) exists. The perturbation here is precisely a "snapshot" of the heat kernel. 
Thus, we know that v(x, t) = cosh(x/2)e t/4 + e-X~/(4(t-t°))/x/4(Tr(t - to)), and we find that the 
perturbation decays at the rate 1/v/t. Using the arguments above, it is clear that the overall rate 
of decay is 1/(et/4v~). It is easy to show that the perturbation Wo(X) satisfies the L 1 condition 
for a/l a > 0. Thus, one cannot generally get a decay rate better than 1/(et/4v/t) by requiring 
that one's perturbations die at a rate faster than e -Ixl/2. 
Finally, we prove the following. 
LEMMA 1. Suppose that v(x, 0) = cosh(x/2) + ~(x), ~(x) > - cosh(x/2), and that there exists 
an a > 0 such that I=.(x)l, I.='(x)l < Ce (1/2-~)1=1. Then there exists a u(x,O) = uo(x) + wo(x) 
and f~ wo(x) dx - -  0, Iw0(z)l < Ce - l,t such that u(x, 0) = -2v . (x ,  O)/v(x, 0). 
We prove this by finding wo(x) and checking that it has all of the properties claimed for it. 
Clearly, if such a wo(x) exists, it must satisfy the relation 
cosh(2)e-fo~°(a)dU2----cosh (2) + -'=(x). 
Solving for wo(x), we find that 
As -=(x) > - cosh(x/2), wo(x) is well defined. Furthermore, we find that 
b ,-~(a) (1 H(b) '~'~. 
w0(,)d~ =-2  (In (1 + cosh(a /2 ) ) - In  +cosh(b/2)]] 
Thus, as a > 0, f_°°oo wo(x) dx = O. Finally, we find that 
-2  (-~.'(x) cosh(x/2) - -=(x) sinh(xl2)/2 ) 
wo(x) = 1 + E(x)/cosh(x/2) ~ "~h2-~ " 
Clearly, the first term is of order 1, and the second term is of order e -alxl. This completes the 
proof of the lemma. 
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